Flexoelectric effects in nematic liquid crystals are well known to occur through combinations of either the sum or the difference of the splay and bend polarizations. In this work we examine the role of both mechanisms in the switching of zenithally bistable nematic devices, and conclude that both can cause bistable switching. Interestingly, we find that the most important flexoelectric coefficient ͑in terms of reducing the switching threshold voltage͒ can be either the splay or bend coefficient, depending purely on the relative dielectric permittivities of the grating and liquid crystal materials.
I. INTRODUCTION
The zenithally bistable nematic device ͑ZBND͒ was first presented in 1997, [1] [2] [3] and forms the basis of the very first commercially available LCD to use surface bistability. 4 The device is bistable due to the presence of a topological grating structure on one of the surfaces, which supports two different director configurations, as shown in Fig. 1 for the special case where the opposing surface has a homeotropic alignment. Part ͑a͒ shows the "defect-free state," in which the net alignment of the liquid crystal is vertical, and part ͑b͒ shows the "defect state," in which the alignment just above the surface is roughly horizontal, so that the device resembles a hybrid-aligned-nematic ͑HAN͒ cell. Therefore, the grating can support what is effectively either homeotropic or planar anchoring relative to the flat surface underneath the grating structure. It is possible to imagine a whole series of different possible device structures and modes of operation as a result of this surface bistability, when one considers the possibilities of the alignment at the opposite surface, e.g., homeotropic, planar, or even a second grating. 5 In this work we will consider the simplest possible case, in which the opposite surface is homeotropic, as illustrated in Fig. 1 .
The director structures formed in the two bistable states are well understood and documented by the inventors. 6 The mechanism of switching between the ground states is generally supposed to be flexoelectric in origin. 1 This makes sense because the switching between the two states is experimentally found to require two different polarities of voltage pulse, depending on the starting state. This is in contrast to other bistable technologies, [7] [8] [9] which often rely on flow effects engineered by using different voltage slew rates. The polar dependence of the bistable switching in ZBNDs on applied voltage is good evidence for involvement of flexoelectricity, as it is the strongest known polar effect in nematic liquid crystals.
According to Meyer's original paper, 10 the flexoelectric polarization can be written as follows: P F = e 1 ٌ͑ · n͒n + e 3 ٌ͑ ϫ n͒ ϫ n. ͑1͒
This polarization clearly consists of the sum of two terms, and these are proportional to the nematic splay and bend vectors S and B. 11 The constants e 1 and e 3 are referred to as the splay and bend flexoelectric coefficients, respectively. However, although the flexoelectric polarization itself can be a͒ Electronic mail: lesleypj@googlemail.com.
FIG. 1.
͑Color online͒ Illustration of the ground states that can exist in a grating-aligned ZBND. ͑a͒ In the defect-free state, the director just above the grating is essentially perpendicular to the glass plates. ͑b͒ In the defect state, the director just above the grating is almost planar, so the bulk of the device resembles a HAN device.
clearly divided into splay and bend components, the torque on the director is n ϫ h, where
This torque, therefore, divides naturally into terms proportional to the sum and difference of the coefficients. 12 This expression shows that in some cases, where a uniform electric field is present, only the term in ͑e 1 − e 3 ͒ can contribute to the director torque, because in order to couple to the ͑e 1 + e 3 ͒ term an electric field gradient must be present.
Published theoretical modeling on flexoelectric switching in ZBNDs is relatively limited. Davidson and Mottram 13 presented a one-dimensional model of a ZBND by tailoring one of their surface energies to be bistable, and investigated how the flexoelectric and dielectric effects hindered or cooperated with each other during bistable switching. Denniston and Yeomans 14 were the first to model bistable switching in two dimensions: using the approach of Barbero et al. 15 they modeled the effect of a topological grating by using a flat surface with periodic alignment. Bistable switching was demonstrated to occur via the creation and annihilation of defect pairs, through a surface flexoelectric term. Since then, similar results have been obtained using a topological grating surface and a bulk flexoelectric effect, 16 and later both bulk and surface effects. [17] [18] [19] In these works, the flexoelectric coupling used is that which is proportional to the sum of the flexoelectric coefficients as defined in Eq. ͑1͒. However, contrary to our assertion 16 that this can be the only important term in the homeotropic ZBND geometry, we would like here to consider the possible role of the other flexoelectric term, i.e., the one that is proportional to the difference of the coefficients.
Let us consider whether this extra torque term ought to be relevant in this geometry. In Fig. 2 we reproduce two diagrams from our earlier publication, 16 which were generated using a model based purely on the ͑e 1 + e 3 ͒ term. The two states shown are the director structures that are achieved under the application of large voltages of opposite polarity, no matter what the starting state. When the voltage is removed, the state shown in part ͑a͒ will relax to the defect state, and that shown in part ͑b͒ will relax to the defect-free state. How this results in bistable switching, and greater detail on the defect motion, will be discussed later on. However, what is important to note here is that in both "voltageon" states, there exists a horizontal region of the device ͑which in both cases is bounded by Ϯ1/2 defects͒ where the liquid crystal undergoes a splay-bend deformation through radians as one moves horizontally across one pitch of the device. Note that this would continue in the same direction in the next pitch along; it does not reverse, i.e., there is a net rotation of the director. 20 This is relevant because if the difference of the flexoelectric coefficients ͑e 1 − e 3 ͒ was nonzero, this splay-bend deformation would result in a net polarization either up or down, depending on whether the cell was in state ͑a͒ or ͑b͒ of Fig. 2 , and what the sign of ͑e 1 − e 3 ͒ is. We can therefore envisage that a contribution from the ͑e 1 − e 3 ͒ term could be important in driving ZBND switching.
In our earlier work, 16 we asserted that there can be no effect from this term, because the torque arising that is proportional to the difference of the flexoelectric coefficients reduces to zero in this geometry. However, this result was derived under conditions of constant order parameter, and is therefore invalid in the case where defects can be created and annihilated in pairs. To clarify this issue, let us consider the following simple example.
In Fig. 3 , part ͑a͒ will be referred to as the uniform state, and part ͑b͒ as the splay-bend state, which has a pitch p for a full 2 rotation of the director in the horizontal direction. The two states are not constrained by boundary conditions in any way, i.e., they are bulk states. Note that if the difference of the flexoelectric coefficients ͑e 1 − e 3 ͒ is nonzero, then in the splay-bend state ͑b͒ there is a net flexoelectric polarization along the z-axis. It is clear that under conditions of zero applied field, the uniform state is lower in energy than the splay-bend state, because of the difference in elastic energy. However, let us now consider the case where an electric field is applied along the z-axis, and there is no dielectric anisotropy. Because of the flexoelectric polarization there will be a change in the energy density of this structure when the field is applied, by an amount −E · P F . Now which state is lowest in energy? The sum of the elastic and flexoelectric energies is given by
as there is no twist elastic energy. For a uniformly splay-bent structure with pitch p this reduces to an average value over the entire pitch of
͑4͒
Minimizing this expression with respect to the pitch, p, gives
So the energy of the uniform state is 0, and the energy of the splay-bend structure ͑assuming that it is at optimum pitch͒ is
which is clearly negative. Therefore, in this ideal bulk system with no boundary conditions, as the electric field is increased from zero, a splay-bend structure would form with a pitch that decreases with increasing field, as shown by the straight line in Fig. 4͑a͒ . The direction of the splay-bend deformation would of course depend on the sign of the electric field and of ͑e 1 − e 3 ͒. The example above illustrates the bulk effect that exists due to the difference in the flexoelectric coefficients. In a real system, there are boundary conditions imposed by the surface; therefore would we expect this behavior to occur in practice? If those boundary conditions are those of infinite anchoring, and if there can be no change in order parameter, then we would not expect this effect to contribute to the torque on the nematic director, as asserted previously. 16 However, the ZBND, with its periodic grating structure, is able to produce defect pairs under applied voltage, due to the regions of high elastic curvature neighboring the grating, and hence this effect can be expected to occur, albeit in a slightly different way due to the inherent periodicity of the system. For example, it is to be expected that the splay-bend structure would have a pitch that is commensurate with the periodicity imposed by the grating. In this case, the possible energies of the splay-bend structure would be
͑7͒
where n is an integer that indicates the number of half splaybend pitches ͑director rotating through radians͒ within one grating pitch, p g . These energies are represented graphically in Fig. 4͑b͒ , while Fig. 4͑a͒ illustrates how the preferred pitch of the system jumps from one value to another, and how this relates to the predicted pitch for an ideal bulk system. As the field increases from zero, the pitch remains infinite until a critical field is reached, then it jumps to 2p g , which is a shorter pitch than would be expected for the ideal bulk system at that electric field, and hence the energy is higher than it would be the ideal bulk case. As Fig. 4 shows, as the field continues to increase, the pitch decreases in discrete steps, and the energy of the system is always greater than or equal to that of the ideal bulk system.
These results indicate that in a ZBND system with a liquid crystal material with ͑e 1 + e 3 ͒ = 0 and ͑e 1 − e 3 ͒ 0, starting in a defect-free state, and with sufficient voltage of the correct sign applied across the cell, there should be a transition to a state similar to that shown in Fig. 2͑b͒ . Hence when the voltage is removed, the cell should relax into the defect state, i.e., bistable switching will have occurred through the ͑e 1 − e 3 ͒ term only. It is also to be expected that FIG. 4 . ͑a͒ Wavevector and ͑b͒ energy of a splay-bend structure ͓as shown in Fig. 3͑b͔͒ as a function of the magnitude of applied electric field along the z-axis ͑assuming that the direction of the field is such that the induced flexoelectric polarization is along the applied field͒. In both graphs, the thinner line shows the result for a system with completely free pitch, whereas the thicker line indicates the result for a system with a constrained pitch p g .
014510-3
Parry-Jones, Meyer, and Elston J. Appl. Phys. 106, 014510 ͑2009͒
the reverse process will occur as well, i.e., starting in the defect state and applying the opposite polarity of voltage, the defects will move such that the opposite splay-bend state is formed. When the field is removed, the defects will then annihilate, so that the defect-free ground state ͓as in Fig.  1͑a͔͒ is formed once more. In Sec. II, we describe the method used to test this hypothesis.
II. ZBND MODELING
The details of the theoretical method used to model the ZBND switching are described in the Appendix. Figure 5 illustrates the particular geometry used to model a ZBND device in this work. Here we consider a 3m thick liquid crystal device, with a sinusoidal grating structure which has a pitch of 1m and a depth of 0.8m. Those liquid crystal parameters, which are kept fixed throughout this work, are listed in Table I , such as the Landau parameters and elastic constants. Additionally, the dielectric anisotropy of the liquid crystal is set to zero, in order to isolate the flexoelectric effects clearly, and the single dielectric constant ⑀ b set to a value of 10 in accordance with typical liquid crystal permitivitties. The dielectric constant of the grating structure, ⑀ g , however, is a parameter that will assume different values in the two different cases that will be considered in this work.
Periodic boundary conditions are used along the direction of the grating wavevector, and the director is constrained to be perpendicular to the local surface at both the top ͑flat͒ and bottom ͑sinusoidal͒ surfaces, corresponding to strong homeotropic anchoring conditions. The voltage boundary conditions are simply those corresponding to uniform electrodes at the top and bottom of the device; the lower electrode is positioned 0.1 m underneath the trough of the grating, as indicated in Fig. 5 . The remaining parameters in the model, which are the dielectric permittivities of the grating and liquid crystal, and the flexoelectric parameters, are varied as discussed in Secs. II A and II B.
A. Sum of the coefficients
For the purposes of later comparison, we begin here by setting the flexoelectric parameters in the model such that ͑e 1 − e 3 ͒ = 0 and ͑e 1 + e 3 ͒ =10 pC/ m in the bulk of the device where the order parameter is at its equilibrium value. In this case, because we assume the anchoring of the liquid crystal to the surfaces is infinitely strong, there can only be a bulk flexoelectric effect, which can only occur through gradients in the electric field. Therefore, a difference between the dielectric constant of the grating and the liquid crystal is key. Here, we set ⑀ g = 3 and ⑀ lc = 10, to be consistent with typical material parameters, as shown in Table II. Figure 6 shows that starting in the defect-free state, and applying +500V to the upper electrode, a Ϯ1/2 defect pair is created inside the grating trough through local melting of the nematic order parameter. The equilibrium position of the defect pair with the voltage still applied is for the lower ͑+1 / 2͒ defect to remain at the bottom of the defect trough, and for the upper ͑Ϫ1/2͒ defect to be vertically above this, roughly twice the grating depth away. When the applied voltage is removed, the upper defect then moves until it is situated in top of the grating peak, and then the equilibrium at 0V is the defect state as shown in Fig. 1͑b͒ . In principle, because the system considered is highly symmetric, there is a degeneracy in that when the applied voltage is removed, the upper ͑Ϫ1/2͒ defect could move toward either of the neighboring grating peaks to the left or to the right. In practice, in a real liquid crystal device, this degeneracy would be broken either by imperfections in the grating structure ͑making it not exactly symmetric͒, or by thermal fluctuations. In the modeling presented in this paper, the degeneracy is broken by imperfections in the numerical method used ͑the finite-element grid generated by the modeling package is never exactly symmet- Fig. 6͑e͒ shows, the defect happens in this case to move toward the right. However, in other situations, the defect could move toward the left. To switch in the opposite direction, i.e., from the defect state back into the defect-free state, Ϫ500V is applied to the upper electrode, i.e., the opposite polarity to before. Figure 7 shows that the Ϫ1/2 defect that was on top of the grating peak splits into 3, i.e., one +1 / 2 defect and two Ϫ1/2 defects. One of the Ϫ1/2 defects moves down the side of the grating and annihilates with the +1 / 2 at the bottom of the grating trough. At equilibrium with the voltage still applied, the remaining Ϯ1/2 defect pair is situated vertically above each other and the grating peak, as illustrated in Fig. 7 . When the applied voltage is then removed, this pair annihilates with each other, and the defect-free state is formed once more.
It is important to note that the polarity of the switching thresholds given here depends not only on the sign of ͑e 1 FIG. 6. ͑Color online͒ Switching from the defect-free ͑a͒ to the defect state ͑f͒ in a system where ͑e 1 − e 3 ͒ = 0 but ͑e 1 + e 3 ͒ Ͼ 0 ͑and ⑀ g Ͻ ⑀ lc ͒. When a positive voltage is applied to the upper electrode, there is a region of melting in the grating troughs ͑b͒. Above threshold, a Ϯ1/2 defect pair is created ͑c͒, which moves into the bulk of the device and the trough of the grating ͑d͒. When the voltage is removed, the +1 / 2 defect moves toward its equilibrium position ͑e͒, and the defect ground state is formed ͑f͒.
FIG. 7.
͑Color online͒ Switching from the defect ͑a͒ to the defect-free state ͑f͒ in a system where ͑e 1 − e 3 ͒ = 0 but ͑e 1 + e 3 ͒ Ͼ 0 ͑and ⑀ g Ͻ ⑀ lc ͒. When a negative voltage is applied to the upper electrode, the defect at the grating peak splits ͑b͒ into three. One of the Ϫ1/2 defects annihilates with the +1 / 2 defect at the bottom of the grating trough ͑c͒. The other remains in the bulk of the device ͑d͒ until the voltage is removed, when it then annihilates with the remaining +1 / 2 defect on the grating peak ͑e͒, to form the defect-free state ͑f͒.
+ e 3 ͒, but also on whether the dielectric permittivity of the grating is greater than or less than that of the liquid crystal, as discussed in Ref. 16 . For example, here we have used ⑀ g = 3 and ⑀ lc = 10, and found that a positive voltage must be applied to the upper electrode in order to switch from the defect-free to the defect state. However, if ⑀ g = 30, then a negative voltage is required instead. The reason for this dependence is that the flexoelectric torque only arises via gradients in the electric field, and the directions of these depend on the relative permittivities of both the grating and liquid crystal materials.
B. Difference of the coefficients
Let us now consider the effect of the difference of the flexoelectric coefficients only, and therefore we set the flexoelectric coefficients in the model so that ͑e 1 + e 3 ͒ = 0 and ͑e 1 − e 3 ͒ =10 pC/ m in the bulk of the device where the order parameter is at its equilibrium value. As shown in Table II , in order to isolate this effect, we also set ⑀ g = ⑀ lc = 10, so that field gradients due to changes in dielectric constant are removed ͑although there will still be some small field gradients due to flexoelectricity͒. Starting in the defect-free state, and applying V = −70V to the top electrode, again a Ϯ1/2 defect pair is created in the trough of the grating, as shown in Fig.  8 . In a similar way to that described above for ͑e 1 − e 3 ͒ =0, the defect pair separates, so that the lower ͑+1 / 2͒ defect remains in the trough of the grating, and the upper ͑Ϫ1/2͒ defect moves vertically upwards. However, what is strikingly different in this case is that the equilibrium position for the upper defect is not close to the grating surface as before, but actually near the upper surface of the cell. This fundamental difference makes sense, because while the ͑e 1 + e 3 ͒ term relies on gradients in the electric field ͑and hence its effects are concentrated near the grating͒, the ͑e 1 − e 3 ͒ term drives the bulk of the cell into the splay-bend structure shown in Fig.  3͑b͒ , in order to minimize the total energy. Figure 8 shows also that when the applied voltage is removed, the upper defect moves downwards toward the top of the grating peak, and the final state reached once more is the defect state illustrated in Fig. 1͑b͒ .
Let us now consider whether switching in the opposite direction can be achieved by using the opposite polarity of voltage, i.e., from the defect state to the defect-free state. Figure 9 shows that by applying +40V to the upper electrode, the +1 / 2 defect that was in the grating trough moves upwards toward the upper surface of the cell, and horizontally across so that it ends up vertically above the grating peak ͑and the Ϫ1/2 defect͒. The structure in the bulk of the cell is now the opposite splay-bend state to that formed during defect-free to defect switching. This is because the opposite sign of voltage is applied, and hence the flexoelectric polarization points in the opposite direction. When the voltage is removed, the defects move toward each other and annihilate. Again, this is very similar to the defect to defectfree switching for ͑e 1 − e 3 ͒ = 0 shown in Fig. 7 , with the difference that now it is the +1 / 2 defect that is stable on the upper surface in the voltage-on state.
We have therefore shown that bistable switching between the defect-free and defect states of a ZBND can be achieved purely through a coupling to the difference of the flexoelectric coefficients. This is an entirely new result, as previous models of ZBND switching have concentrated on the coupling to the sum of the coefficients [16] [17] [18] [19] in the presence of field gradients caused by a difference in dielectric permittivity between the grating and the liquid crystal.
FIG. 8. ͑Color online͒ Switching from the defect-free ͑a͒ to the defect state ͑f͒ in a system where ͑e 1 + e 3 ͒ = 0 but ͑e 1 − e 3 ͒ Ͼ 0 ͑and ⑀ g = ⑀ lc ͒. When a negative voltage is applied to the upper electrode, there is a region of melting in the grating troughs ͑b͒. Above threshold, a Ϯ1/2 defect pair is created ͑c͒, which settles in the trough of the grating and on the opposite surface of the cell ͑d͒, forming a bulk splay-bend state similar to the bulk state illustrated in Fig. 3͑b͒ . When the voltage is removed, the +1 / 2 defect moves toward its 0 V equilibrium position on top of the grating peak ͑e͒, and the defect ground state is formed ͑f͒.
III. DISCUSSION
Here we consider how these results impact on a real ZBND, although it must be borne in mind that in this work, neither the dielectric anisotropy of the liquid crystal nor any surface driven flexoelectric effects have been taken into account. In general, neither ͑e 1 + e 3 ͒ nor ͑e 1 − e 3 ͒ will be exactly zero, so both flexoelectric effects will be present. In order to get the lowest possible threshold voltage, it is important that the two effects work cooperatively together, instead of hindering each other. For example, in both of the examples discussed above, ͑e 1 + e 3 ͒ and ͑e 1 − e 3 ͒ were both positive ͑when they were non-zero͒. For switching from the defect-free to the defect state, a positive voltage was required on the upper electrode for the ͑e 1 + e 3 ͒ effect, and a negative voltage for the ͑e 1 − e 3 ͒ effect. Therefore, in this case, the two driving mechanisms are working against each other. In principle, it should be possible to reverse the polarity of the ͑e 1 + e 3 ͒ effect simply by changing the permittivity of the grating material compared with that of the liquid crystal, as discussed earlier. In practice, however, suitable materials for making grating structures ͑e.g., in terms of optical and mechanical properties͒ tend to have dielectric permittivities which are lower than that of liquid crystals, which have large reorientable permanent dipoles. It is therefore advantageous, in terms of reducing switching thresholds, to choose materials in which ͑e 1 + e 3 ͒ and ͑e 1 − e 3 ͒ are of opposite sign, and as large as possible, indicating that e 3 ͑bend͒ is the most important coefficient of the two.
22

IV. CONCLUSION
In this work, we have analyzed the effect of the sum and difference of the flexoelectric coefficients on the bistable switching of a ZBND, and shown for the first time that switching can occur in both directions due to a coupling to the flexoelectric term proportional to the difference of the flexoelectric coefficients ͑e 1 − e 3 ͒. Although both effects on their own can cause bistable switching to occur, there are fundamental differences between the two different mechanisms. The effect driven by the sum of the coefficients, ͑e 1 + e 3 ͒, depends on the presence of gradients in the electric field, which are caused by differing dielectric constants of the grating and liquid crystal materials. To optimize this effect, therefore, it is as effective to minimize the dielectric constant of the grating, for example, as it is to maximize the sum of the flexoelectric coefficients. The effect driven by the difference of the coefficients, ͑e 1 − e 3 ͒, however, is a bulk effect, and as such is less dependent on the properties of the grating structure. Also, for typical dielectric constants of the grating and liquid crystal materials, the voltage threshold for switching via the ͑e 1 − e 3 ͒ term is lower than that for the ͑e 1 + e 3 ͒ term ͑for ͉e 1 − e 3 ͉ = ͉e 1 + e 3 ͉͒. Therefore, in terms of optimizing material parameters to lower voltage thresholds, it would appear that it would be best to maximize ͉e 1 − e 3 ͉, and ͑secondary to that͒ to maximize e 3 and minimize the dielectric constant of the grating. 
APPENDIX
The theoretical model employed here uses a commercially available finite-element package ͓FLEXPDE ͑Ref. 23͔͒ to solve Q-tensor equations describing the liquid crystal material. This approach is used in order to include the possibility of changes in the nematic order parameter, which is nec- FIG. 9 . ͑Color online͒ Switching from the defect ͑a͒ to the defect-free state ͑f͒ in a system where ͑e 1 + e 3 ͒ = 0 but ͑e 1 − e 3 ͒ Ͼ 0 ͑and ⑀ g = ⑀ lc ͒. When a positive voltage is applied to the upper electrode, the defect at the grating trough moves to the opposite surface ͑c͒, so that at equilibrium with the voltage on the two defects are vertically above each other and the grating peak ͑d͒, forming a bulk splay-bend state, which is the reverse of that shown in Fig. 3͑b͒ . When the voltage is removed, the upper defect falls toward the lower defect ͑e͒ and annihilates with it to form the defect-free state ͑f͒.
essary for the creation and annihilation of defect pairs. The use of the finite-element method is important because it allows adaptive refinement of the solution grid around areas of large variation in the Q-tensor, e.g., at defect sites.
The total free energy density expression used in our model is as follows:
where the Q-tensor is related to the nematic order parameter S and director n via
␦ ij ͪ.
͑A2͒
The first three terms in Eq. 8 are the Landau-de Gennes free energy terms, 24 which determine the equilibrium value of the order parameter S, and the energy cost of departures from that value.
The fourth term is an elastic term that describes the energy cost of gradients in the director. Because the director is always in a single plane, only the splay and bend ͑but not twist͒ deformations need be considered. Additionally a oneconstant approximation is assumed for simplicity, i.e., the elastic constants K 11 and K 33 for splay and bend are assumed to be equal. The parameter L is related to the single elastic constant K via
i.e., the use of the Q-tensor method takes account of the variation of the elastic properties of the nematic with order parameter. The fifth and sixth terms describe the interaction of the electric field with the permanent dipoles in the molecules, in the approximation that the molecules have no shape asymmetry, i.e., they take account of dielectric anisotropy but not flexoelectricity. Following the convention of Denniston and Yeomans, 14 we use the coefficient ⑀ a in the dielectric anisotropy term. This relates to the true dielectric anisotropy ⌬⑀ via
⑀ b is simply the average dielectric constant of the liquid crystal, and is hence unrelated to the order parameter
Finally, the last term is the flexoelectric term ͑−E · P F ͒, which represents the coupling between the interaction of the permanent molecular dipoles with the applied electric field, and elastic distortion: this coupling occurs because of the shape asymmetry present in most liquid crystal molecules. Symmetry arguments 25, 26 show that, to second order in Q, the ith component of the flexoelectric component is
͑A6͒
By substituting in the definition of the Q-tensor in Eq. 9, and by ignoring gradients in the order parameter S, this expression can be compared with Meyer's original definition 10 of the flexoelectric polarization in order to work out how p 1 , p 2 , p 3 , and p 4 relate to the splay and bend flexoelectric coefficients e 1 and e 3 . In this case of constant order parameter, we find that the term in p 3 is zero, i.e., this is a pure "orderelectric" term. In our previous work, 16 only the term in p 1 was considered, i.e., ͑e 1 − e 3 ͒ = 0 and ͑e 1 + e 3 ͒ =2p 1 S. In this work, however, we wish to consider the effect of the term in ͑e 1 − e 3 ͒, without changing the term in ͑e 1 + e 3 ͒. We therefore set p 2 + p 4 =0, so that ͑e 1 + e 3 ͒ = 2p 1 S ͑as before͒, ͑A11͒ ͑e 1 − e 3 ͒ = 2p 2 S
. ͑A12͒
The values used for the liquid crystal parameters described above are shown in Table I . The Landau parameters a, b, and c are chosen so that the equilibrium value of the order parameter S is 0.6, and are approximately an order of magnitude smaller than those measured for 5CB by Coles. 27 This increases the natural length scale of variations in the order parameter ͑and hence the defect size͒, which greatly accelerates the numerical solution of the problem. Most of the remaining parameters are set to be roughly consistent with measurements of the commonly used liquid crystal mixture E7. Since this is a one elastic constant model with no twist, we set the elastic constant ͑at equilibrium order parameter͒ equal to the average of the measured values of the splay and bend elastic constants in E7. E7 has a strong positive dielectric anisotropy; however, here we have set ⑀ a =0, in order to isolate the effects of flexoelectricity in the switching processes. ⑀ b = 10, representing a typical value for the average dielectric anisotropy of such a liquid crystal material. The two independent flexoelectric parameters p 1 and p 2 are set differently according to whether the ͑e 1 + e 3 ͒ or ͑e 1 − e 3 ͒ is under consideration, as summarized in Table II . In either case, the magnitude of the relevant coefficient ͑sum or difference͒ is of the same order of magnitude as those measured in E7.
